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A hollow sphere  of an e l a s t i c  binding m a t e r i a l  of s l ight  s t i f fness ,  bonded r andomly  by 
"f iber"  segments  of a s t i f fe r  m a t e r i a l ,  is cons ide red .  P o l y m e r  m a t e r i a l ,  for  example ,  
can be the b inder .  Such a bonding p e r m i t s  obtaining a m a t e r i a l  with improved  p rop -  
e r t i e s ,  where the m a t e r i a l  on the whole is q u a s i - i s o t r o p i c  [1]. The s t r e s s  d i s t r ibu t ion  
in a hollow sphe re  is  obtained.  

Let a compos i t e  medium cons i s t  of an e l a s t i c  b inder  and an a r m a t u r e  in the  f o r m  of s egmen t s  of c i r -  
cu la r  c y l i n d r i c a l  f i b e r s .  Let us a s sume  the f i be r  d i a m e t e r  d to be cons ide rab ly  l e s s  than t h e i r  length 
l(d<< l ) .  Fol lowing [2], le t  us in t roduce the following as  in i t ia l  hypo theses .  

1. Let  the f ibe r  segments  be d i s t r i bu t ed  un i formly  in a l l  d i r ec t ions  in the b inder  m a t e r i a l .  Let us 
ident i fy  the macrovo lume  w(t~<<V; V is the body volume) with a m a t e r i a l  point.  The number  of f ibe r  seg-  
ments  in the volume r under  cons ide ra t ion  is suff ic ient ly  l a r g e .  A uniaxia l  s t r e s s  s ta te  is r e a l i z e d  in each 
f i be r .  Let  us cons ide r  the bonded m a t e r i a l  as a m a c r o s c o p i c a l l y  homogeneous medium.  Let  a i j  , e ij(i,  
j =1, 2, 3) denote,  r e spec t ive ly ,  the s t r e s s  and s t r a i n  t e n s o r  components  in a r ec t angu la r  xl, x2, x 3 c o o r -  
dinate sy s t em.  

2. Let  us a s s u m e  that  the b inder  m a t e r i a l  is de fo rmed  e l a s t i c a l l y .  Let  l e ,  Pc  denote the Lam~ con- 
s tants  of the b inder .  

3. The s t e s s - s t r a i n  dependence in the a r m a t u r e  is  nonl inear  and is given by the equation ~nm = 
F(enm) ,  where  e n m  is the axia l  s t r a i n  of the f i b e r s  and (rnm is the ax ia l  s t r e s s .  

Let ~2 be a h e m i s p h e r e  fo rmed  by the unit ve c t o r s  n, d i r ec t ed  along the f ibe r  ax i s .  The r e l a t i ve  vol-  
ume of the f i b e r s  for  which the vec to r  n is within the sol id  angle d~2 is p ropor t iona l  to d~2 and 27r-fold l ess  
than the volume of a l l  the f i b e r s .  Let n~, n2, n 3 denote the d i rec t ion  cos ines  of the vec to r  n in the xl, x2, x 3 
coord ina te  s y s t e m  and ~? the coeff ic ient  of volume content of the a r m a t u r e  in the m a t e r i a l .  Assuming  the 
s t r a i n s  homogeneous and taking the hypothes is  about the volume contr ibut ion of the components  to the to ta l  
s t r e s s  s ta te ,  we obtain the following r e l a t ionsh ip  between the s t r e s s  and s t ra in :  

~,~ = (I - ~) (~o~,j + 2~o~j) + ~ .I ,!' F (~) ~njd~. (1) 

Here  e = e i + e 2 + e 3 ;  ~ n m = a i j n i n ]  (i, j =1, 2, 3). 

Let us examine  the case  when the function F is 

F. . fEe~ for ee ~ e n n ~ s t ;  (2) 
(8nn)=~O for 8nn'~ ec :or e t ~ e .... 

i .e . ,  the f ibe r s  a r e  de fo rmed  acco rd ing  to Hooke 's  law under  tens ion to a s t r a i n  e t  and under  c o m p r e s s i o n  
to a s t r a i n  e c- Reaching these  l imi t  s t r a i n s  r e s u l t s  in b r i t t l e  f r a c t u r e  of the f i b e r s .  Here  E is Young's 
modulus of the a r m a t u r e .  

Let  us a s sume  that  the  a r m a t u r e  works  e l a s t i ca l ly ,  i .e . ,  f iber  f r a c t u r e  has not yet o c c u r r e d .  Taking 
account of the dependence F(e  nm) = Er nm, we obtain the e l a s t i c  r e l a t i on  (Hooke 's  law) between the s t r e s s  
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and s t r a i n  t e n s o r s  f r o m  (1). The  Lam~ c o e f f i c i e n t s  of  the  c o m p o s i t e  
m a t e r i a l  )t k and P k  wi l l  equa l  in t h i s  c a s e  

s )~TI/15~IE, 

Fk= ( t - -~l)yc+l/ t5~lE.  

I t  is m o r e  conven ien t  to  s o l v e  t h e  p r o b l e m  in the r ,  0, go s p h e r i -  
ca l  c o o r d i n a t e  s y s t e m .  B e c a u s e  of s y m m e t r y ,  i t  i s  su f f i c i en t  to con-  
s i d e r  the  p r o b l e m  for  one f i xed  r a y  d i r e c t e d  a long  the  s p h e r e  r a d i u s ,  
a long  the x3 ax i s ,  s ay .  Le t  us d i r e c t  the  uni t  v e c t o r s  r ~ 0 ~ go~ the  
s p h e r i c a l  c o o r d i n a t e  s y s t e m  p a r a l l e l  t o t h e  0x3, 0x~, 0x 2 a x e s  r e s p e c -  
t i v e l y .  Le t  us  r e w r i t e  (1) in t h i s  c o o r d i n a t e  s y s t e m  by  i n t r o d u c i n g  the  
a n g l e s  ~ a n d r  (F ig .  1), which  g ive  the  d i r e c t i o n  of the  v e c t o r  n .  Le t  us 
hence  o m i t  the  s u b s c r i p t s  on the  X c and p c: 

~/2 (3) 
~r = (t - -  ~1) (~e + 2t~8r) + ~l I ~v (8~,~) sin ~ q~ cos ~d~; 

0 

(~o = (t - -  n)(t~ + 2~t80) + ~-~ ff ~ F (8,,~) sin ~ ~cos ~ ,dfi~ 
P. 

= - n) + ol oo = , d e .  

B e c a u s e  of the  s y m m e t r y  of t he  p r o b l e m ,  c 0 =eg o , a0 =~go and  the  c o m p o n e n t s  wi th  d i f f e r en t  s u b s c r i p t s  a r e  
z e r o  [3]. The  a x i a l  s t r a i n  of  the  f i b e r s  i s  

enn=er sin 2 ~p+ee cos ~ ~p sin e a + 8 ~  cos ~ ~ cos ~ a .  

Since  e0 =eg 0, then  i t  is p o s s i b l e  to w r i t e  

8~n=er sin e ~ - e e  cos ~ ~p. (4) 

T h e r e f o r e ,  e n m  is independen t  of t he  ang le  ~ .  The  de pe nde nc e  on ~ a l so  v a n i s h e s  fo r  the  s u m  ~0 + (rg0 

~ / 2  

~o + % = 2 (t - -  ~l) [~.8 + F (eo + e~)] -~- T1 .f F (e~)  cos 3 , d e .  (5) 
D 

Tak ing  accoun t  of (2), le t  us r e w r i t e  (3), (5) a s  fo l lows:  

6 

% = (1 - -  11) (~8 + 2~ter) + ~l j" E8,,,, sin 2 ~ cos ~d~; 
7 

6 

~e + % = 2 (1 - -  ~l) [te + F (ee + er + ~l ] E8,~ cos3 sd% 
"2 

(6) 

The  a n g l e s  y and 5 a r e  d e t e r m i n e d  f r o m  the r e l a t i o n s h i p s  

8v ---- 8r ~in 2 7+88 cos e 7=8t ;  

e 8 ~ e r sin 2 5~-88 cos ~ 8=ec.  

We hence  ob ta in  
sin ~ 7 = ( 8 ~  - -  8o)/(8~ - -  88); 

~-in ~ 6 =  (30 - -  8~),;(88 - -  s~). 

T h e r e f o r e  

0 for ev<s l~ ;  
7= arcbin [(e t -- eo)/(er -- cO)]1~ 2 for ev=st ;  

n./2 for ~8 ~ ec; 
8= arcsin [(e0 -- 8c)/(eO -- 8r)]'A for 86=8c. 

I n t e g r a t i n g  (6) wi th  r e s p e c t  to g' and  t ak ing  account  of  (4), we ob ta in  

~ =  (w+g)8~ +(v+c)ee; 
~o+ %=(v+c)s~ + (2w+ v+ t)se, 

(7) 
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w h e r e  
v = 2 ( t  - -  n)z; w = ( t - - n ) ( ~ + 2 ~ ) ;  

g=l/5TiE(sin 2 6 - -  sin e y); 

c=l/5~lE [sin 3 8(cos ~ 8+2/3) - -  sin 3 ?(cos* y+2/3)] ;  

t=l/5~qE [25/8(,~in ~ - -  sin y)+25/48(Mn 38 - -  sin 3y) + I H 6 ( s i n  5~ - -  sin 5y)]: 

Le t  us  e x p r e s s  the  s t r a i n  in t e r m s  of  the  d i s p l a c e m e n t  u [3]: 

du 
e ~ = ~ ;  e o = % = u / r  

and le t  us  s u b s t i t u t e  into (7): 
u 

a ~ = ( w +  g ) ~  + ( v +  c)~-; 

du t) u % + a + = ( v + c ) ~ + ( 2 w + v +  . 7 -  

(8) 

Since  ~ and g a r e  p o s i t i v e  and 6 
c o o r d i n a t e  s y s t e m  i s  [3] 

is  g r e a t e r  than  Y, then  w + g >  0. 

da 
r - ~  ~ + 2 (a. - -  %) = 0. 

The  e q u i l i b r i u m  equa t ion  in a s p h e r i c a l  

(9) 

However ,  it  i s  m o r e  conven ien t  to c o n v e r t  i t  into 

d% 2 % - - ( % + % )  
~r }- r = o. (Jo) 

Since  a~ = a  then  (9) a l w a y s  fo l l ows  f r o m  (10), but  t h e a n g l e  a does  not  e n t e r  into (10). Le t  us  s u b s t i t u t e  
(9) into (10). A f t e r  s i m p l e  m a n i p u l a t i o n s ,  we  ob ta in  

d2~ 2 du ~2 i [dgdu  [ t  dc 2 g @ c - - t )  ] 
dr- + r dr ~ ~ + ~ - - ~ [ [ r r ~  + \ y ~  + ~ . +~ = O. (11) 

Le t  us  t a k e  the  b o u n d a r y  cond i t i ons  in the  f o r m  

r = a :  u ( a ) = U ;  (12) 
r = b :  (yr(b)=O. 

Le t  us  s o l v e  the  p r o b l e m  (11), (12) n u m e r i c a l l y  by i n t r o d u c i n g  the  i t e r a t i o n  in u s i n c e  (11) is  n o n l i n e a r .  Le t  
us  a p p r o x i m a t e  (11) by  a d i f f e r e n c e  s c h e m e  to  s e c o n d - o r d e r  a c c u r a c y  [4]: 

u(~+t) ._(i+t) + u(++t) ,,d+l) .(++1) ]ca~ (13) h+t --"~k 4- t  2 -4+t - -  +4-1 2 ~+~) + = 0, 
h ~ + r k 2h r-~ 
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whe re  

I ( ] / (0  t g(~)+l-  ~<i) u(i) u(0 I t c(1) - -  c(i) l 2g~ ) ~ . ( 1 ) -  +(0 \ . 
w -~ g(k ~-) ~ 2}, -~- r h 2], -}- ~ u(ki) 

The  s u b s c r i p t  deno t e s  the  n u m b e r  of the  point  on the  s p h e r e  r a d i u s  ( k = l ,  2, . . . ,  n - l ) ,  whi le  the  s u p e r s c r i p t  
in  the  p a r e n t h e s e s  deno tes  the  n u m b e r  of the  i t e r a t i o n  s t ep  at which  the  va lue  of  the  funct ion i s  t a k e n .  

Le t  u s  r e w r i t e  (13) a s  fo l lows:  

A .  (~+t)  , ~ .  ( i + t )  ~ ( i+~)  _ F ( o .  

H e r e  

t ha ) �9 A ~ = t - - ~ "  B k = t +  l_~. C h = 2  t + - ~  , 
r~ ' r~ ' rl, 

Equat ing  a r in (8) to z e r o  a c c o r d i n g  to  (12), we ob ta in  

d~ ,.=~ ~ T-g ff O. 

F(k o = h2]~ ~). (14) 

Le t  u s  a p p r o x i m a t e  the  b o u n d a r y  cond i t ions  by a d i f f e r e n c e  s c h e m e  with  s e c o n d - o r d e r  a c c u r a c y :  

u o = U; 
h(i+l) __ 4u(i+l) d 3u (i+l) n--2 +l--t ~- n 

2h 
, . .(i+l) 
T •  = 0 ,  (15) 

where 

v~- C n 

Let us seek the solution by the method of left factorization [4]. Using the second equation from (15), we find 

the factorizing eoeffieients ~(i+I) and ~ (i+~). 
~n qn " 

4 A n _  t - -  C.n_ t 

~(~+!) = (3 -~ 2hu) A n _  l - -  B n _  l ' 

(3 ~- 2h• C n _  l - -  4Bn__ i 

d ~(i) Here An_l, Bn_l, Un-~, an ~n-1 are expressed by means of (14). 

We determine u 0 from the first equation in (12). We then find the remaining displacements u! i+l) 
(k=l, 2 . . . . .  n). We determine Crk , r , r in terms of u(~+~): 

K 

2 4 6 "  



~r~ 

Er~ 

2h 

u(i+i') 4u(r § 3~ +~> n- -2  - -  ~--i 
2h 

u(.i+ t) __ U(i+i)  
~+I t t - - i  (k = 1 . . . . .  n --  t); 

2h 

~+i)  (k -- 0, 1 . . . . .  n). 80h ~ E~h ~ rk 

Fina l ly ,  we de t e rmine  a r  , a , and (r0k f r o m  (7}. Since (11) is non l inear ,  let us in t roduce  an i t e r a -  

tic:l) t ion in u: Le t  us  de t e rmine  FI~ l 11 in t e r m s  of  the u found and let us  r epea t  the f ae to r i za t ion  without  
changing u 0. The count ing p r o c e s s  s t a r t s  with the e las t i c  solut ion.  The p r o b l e m  was  so lved  on the M-222 
c o m p u t e r .  

P r e s e n t e d  in F i g s .  2 -4  a r e  the  r e s u l t s  of comput ing  a bonded sphe re  under  the  fol lowing ini t ia l  data: 
E = 7000 kg /mm2;  X c = 3 00 kg /mm2;  ~ c = 75 kg /mm2;  e t = 0.005; a c = 0.01; rl = 0.1. 

Shown in F ig  2 is the change in p r e s s u r e  p = - c r  r , s t r e s s  ~,~ , a n d a l s o  the  magn i tudes  of the angles  
3'0, 5 0 on the  inner  s u r f a c e  of the s p h e r e  as  a funet ion of its d i s p l a c e m e n t  u 0. 

Shown in Fig.  3 is the  change in the  ang les  7 and 6 as  a funct ion of the  rad ius  r and p r e s s u r e  p ( cu rves  
1, 2, 3 c o r r e s p o n d  to  p =22.2;  36.7; 55.3 k g / m m  2, r e spec t ive ly ) .  

P r e s e n t e d  in F ig .  4 a r e  g raphs  showing the  s t r e s s  d is t r ibu t ion  in the  wall  of a sphe r i ca l  v e s s e l  as  a 
funct ion of the rad ius  r and p r e s s u r e  p ( cu rves  1, 2, 3 e o r r e s p o n d  to u0=0.005;  0.008; 0.18A, r e spee t ive ly ) .  

Shown in F igs .  5 and 6 is the  change  in the p r e s s u r e  p = - ~ r 0 ,  the s t r e s s  crr the magni tude  of the 

angles  "go, 5 0 (Fig .  5) f o r  the  fol lowing c h a r a c t e r i s t i c s  of  the compos i t e  ma te r i a l -  E = 7 0 0 0 k g / m m  2 ~t c = 300 
kg /mm2;  ~ c = 7 5  kg /mm2;  a t = 0 . 0 0 5 ;  a t = - 0 . 0 1 ;  r7 =0.2 ( cu rves  1, 2, 3 c o r r e s p o n d  to u0=0.004;  0.008; 
0.015A). 
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